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WEAKLY EINSTEIN CRITICAL METRICS OF THE VOLUME
FUNCTIONAL ON COMPACT MANIFOLDS WITH BOUNDARY
H. BALTAZAR, A. DA SILVA, AND F. OLIVEIRA1
Abstract. The goal of this paper is to study weakly Einstein critical metrics of the
volume functional on a compact manifold M with smooth boundary ∂M . Here, we will
give the complete classification for an n-dimensional, n = 3 or 4, weakly Einstein critical
metric of the volume functional with nonnegative scalar curvature. Moreover, in the
higher dimensional case (n ≥ 5), we will established a similar result for weakly Einstein
critical metric under a suitable constraint on the Weyl tensor.
1. Introduction
Let Mn (n ≥ 3) be a connected, compact n-dimensional manifold with smooth boundary
∂M with a fixed metric γ. In 2009, Miao and Tam [24] proved that if the first Dirichlet
eigenvalue of (n − 1)∆g + R on M is positive, then g is a critical point of the volume
functional restricted to the subset of Riemannian metrics with constant scalar curvature R
and prescribed boundary metric γ if and only if there is a smooth function f on M such
that f |∂M = 0, and satisfying the following system of PDE’s
(1.1) − (∆gf)g +Hessgf − fRicg = g,
where Ricg and Hessgf stand, respectively, for the Ricci tensor and the Hessian of f
associated to g on Mn (see [23] for more details). Hence, following the terminology used in
[2, 8, 9, 24] we recall the definition of Miao-Tam critical metric.
Definition 1. A Miao-Tam critical metric is a 3-tuple (Mn, g, f), where (Mn, g) is a
compact Riemannian manifold of dimension at least three, with a smooth boundary ∂M and
f :Mn → R is a nonnegative smooth function satisfying equation (1.1) such that f |∂M = 0.
It is important to recall that trivial examples of Miao-Tam critical metrics are geo-
desic balls in simply connected space forms. Furthermore, others explicit examples are
warped product that include, for instance, the spatial Schwarzschild as well as the AdS-
Schwarzschild metrics (see Corollaries 3.1 and 3.2 in [24] for more details).
The study of a such critical metric has been subject of interest for many authors. For
instance, inspired by the work of Kobayashi and Obata [21, 22], Miao and Tam in [24],
studied these critical metrics under Einstein and locally conformally flat conditions. For
the Einstein case, they were able to prove that critical points of the volume functional are
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precisely the geodesic balls in simply connected space forms. In fact, the authors obtained
the following result.
Theorem 1 (Miao-Tam, [24]). Let (Mn, g, f) be a connected, compact Einstein Miao-Tam
critical metric with smooth boundary ∂M. Then (Mn, g) is isometric to a geodesic ball in a
simply connected space form Rn, Hn or Sn.
On the other hand, for the locally conformally flat condition, the authors first constructed
explicit examples of critical metrics which are in the form of warped products. To be more
precise, if M has disconnected boundary then, ∂M has exactly two connected components,
and (M, g) is isometric to (I×N, dt2+r2gN ), where I is a finite interval in R containing the
origin 0, (N, gN ) is a compact without boundary manifold with constant sectional curvature
κ0, r is a positive function on I satisfying r
′(0) = 0 and
r′′ +
R
n(n− 1)
r = ar1−n
for some constant a > 0, and the constant κ0 satisfies
(r′)2 +
R
n(n− 1)
r2 +
2a
n− 2
r2−n = κ0.
For more details on this result see [24, Theorem 1.2].
Later on, Barros, Dio´genes, and Ribeiro classified in [8] these critical metrics for a 4-
dimensional simply connected manifold under Bach-flat assumption. Such result was im-
proved by the first author, Batista, and Bezerra for a generic manifold in an arbitrary
dimension (see [4, Theorem 2]). Meanwhile, Barros, and Da Silva presented in [6], an upper
bound for the area of the boundary of a compact n-dimensional oriented Miao-Tam critical
metric (see also [5, 9]). For more references on the critical metrics of the volume functional,
see [2, 3, 6, 7, 9, 20, 25], and references therein.
In order to proceed, it is fundamental to remember that a Riemannian manifold is said to
be weakly Einstein if the Riemannian curvature operator Rm satisfies the following identity
(1.2) R˘ij =
|Rm|2
n
gij ,
where the 2-tensor R˘ij is defined by R˘ij = RipqrRjpqr . Such concept was introduced by
Euh, Park and Sekigawa in [15] which was inspired by that of a super-Einstein manifold as
defined in [18].
Let us point out that weakly Einstein manifolds appear as critical points of a well-known
quadratic functional on compact manifold without boundary. More precisely, Catino [11]
studied critical points of the functional
Ft,s(g) =
∫
|Ric|2dM + t
∫
R2dM + s
∫
|Rm|2dM, t, s ∈ R,
restricted to the space of equivalence classes of a smooth Riemannian metric with unit
volume on M , denoted by M1. In this case, the author concluded that an Einstein metric
is critical to the functional Ft,s on M1 if and only if the manifold M is weakly Einstein.
Moreover, considering a four dimensional manifold, it is not difficult to verify that Einstein
WEAKLY EINSTEIN CRITICAL METRICS 3
manifolds are in fact weakly Einstein (cf. Remark 1 in Section 2). We refer the readers to
[1, 15, 16, 17, 18, 19] for more results on this subject.
Here, we shall replace the assumption of Einstein in the Miao Tam result (see Theorem 1)
by the weakly Einstein condition, which is weaker that the former one in low dimension.
We now state our first result.
Theorem 2. Let (M3, g, f) be a weakly Einstein Miao-Tam critical metric with nonnegative
scalar curvature. Then (M3, g) is isometric to a geodesic ball in a simply connected space
form R3 or S3.
Before presenting our second result let us remember that the Riemannian product S2 ×
H
2 with their standard metrics is weakly Einstein, but not Einstein. In addition, an n-
dimensional, n ≥ 5, Einstein metric does not necessarily is weakly Einstein, since the right
hand side of Eq. (2.7) will not necessarily null. After these considerations, we have the
following theorem for a 4-dimensional weakly Einstein Miao-Tam critical metric.
Theorem 3. Let (M4, g, f) be a weakly Einstein Miao-Tam critical metric with nonnegative
scalar curvature. Then (M4, g) is isometric to one of the following critical metrics:
(i) The geodesic ball in a simply connected space form R4 or S4.
(ii) The standard cylinder over a compact without boundary manifold (N, gN ) with con-
stant sectional curvature κ0 > 0 with the product metric(
I ×N, dt2 +
κ20t
2 + a
κ0
gN
)
,
where I is a finite interval in R containing the origin 0 and for some constant a > 0.
(iii) (M4, g) is covered by the above mentioned warped product in (ii) with a covering
group Z2.
Based on the previous result, it is natural to ask what occurs in high dimension. In
this sense, we shall prove a rigidity result for an n-dimensional Miao-Tam critical metric
satisfying the weakly Einstein assumption and a suitable restriction on the Weyl tensor.
More precisely, we have the following result.
Theorem 4. Let (Mn, g, f), n ≥ 5, be a weakly Einstein Miao-Tam critical metric with
nonpositive scalar curvature and such that the Weyl tensor satisfies W |T∂M = 0. Then
(Mn, g) is isometric to a geodesic ball in a simply connected space form Rn or Hn.
2. Background
In this section we shall collect some basic results that will be useful in the proof of our
main result. We begin by recalling some special tensors as well as some terminology in
the study of curvature for a Riemannian manifold (Mn, g), n ≥ 3. The Weyl tensor W is
defined by the following decomposition formula
Rijkl = Wijkl +
1
n− 2
(
Rikgjl +Rjlgik −Rilgjk −Rjkgil
)
−
R
(n− 1)(n− 2)
(
gjlgik − gilgjk
)
,(2.1)
4 H. BALTAZAR, A. DA SILVA, AND F. OLIVEIRA1
where Rijkl stands for the Riemannian curvature tensor, while the Cotton tensor C is defined
as follows
(2.2) Cijk = ∇iRjk −∇jRik −
1
2(n− 1)
(
∇iRgjk −∇jRgik).
When n ≥ 4 we have
(2.3) Cijk = −
(n− 2)
(n− 3)
∇lWijkl ,
for more details about these tensors we refer to [10].
An important remark about the Cotton tensor Cijk is that it is skew-symmetric in the
first two indexes and trace-free in any index, that is,
(2.4) Cijk = −Cjik and g
ijCijk = g
ikCijk = 0.
Now, we recall that for operators S, T : H → H defined over an n-dimensional Hilbert
space H the Hilbert-Schmidt inner product is defined according to
(2.5) 〈S, T 〉 = tr
(
ST∗
)
,
where tr and ∗ denote, respectively, the trace and the adjoint operation. Moreover, if I
denotes the identity operator on H the traceless operator of T is given by
(2.6) T˚ = T −
trT
n
I.
With this notation in mind, the following curvature expression can be deduced directly
from (2.1) and it will be quite useful for our purpose.
Lemma 1. Let (Mn, g) be a Riemannian manifold. Then the following identity holds:
R˘ij −
|Rm|2
n
gij = W˘ij −
|W |2
n
gij +
4
n− 2
WipjqR˚pq +
2(n− 4)
(n− 2)2
R˚iqR˚qj
+
4R
n(n− 1)
R˚ij −
2(n− 4)
n(n− 2)2
|R˚ic|2gij .(2.7)
Here, W˘ij is defined similarly to R˘ij in (1.2).
In the sequel, it is worth reporting here the following interesting formula involving the
Weyl tensor in dimension four. We refer readers to [14] for its proof.
Lemma 2. Let (M4, g) be a four-dimensional Riemannian manifold. Then the following
identity holds:
W˘ij =
|W |2
4
gij .
Remark 1. As a consequence of these two previous lemmas is that a four-dimensional
Einstein metric is immediately weakly Einstein.
Next, we remember that the fundamental equation of Miao-Tam critical metric is given
by
(2.8) − (∆f)g +Hessf − fRic = g.
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Taking the trace of Eq. (2.8) we arrive at
(2.9) ∆f +
fR+ n
n− 1
= 0.
By using (2.9) we check immediately that
(2.10) fR˚ic = ˚Hessf.
To fix notations, for a Miao-Tam critical metric, we recall the following 3-tensor defined
in [8],
Tijk =
n− 1
n− 2
(Rik∇jf −Rjk∇if)−
R
n− 2
(gik∇jf − gjk∇if)
+
1
n− 2
(gikRjs∇sf − gjkRis∇sf).(2.11)
Note that, Tijk has the same symmetry properties as the Cotton tensor:
Tijk = −Tjik and g
ijTijk = g
ikTijk = 0.
Furthermore, we remember that the tensor Tijk is related with to the Cotton tensor Cijk as
well as the Weyl tensor Wijkl by
(2.12) fCijk = Tijk +Wijkl∇lf.
To close this section, let us recall a result that can be found in [9, Lemma 5].
Lemma 3. Let (Mn, g, f) be a Miao-Tam critical metric. Then we have:∫
M
f |R˚ic|2dM +
1
|∇f |
∫
∂M
R˚ic(∇f,∇f)dσ = 0.
3. Weakly Einstein Miao-Tam critical metrics
The aim of this section is to prove the rigidity of the Miao-Tam critical metrics under
assumption that our Riemannian manifold is weakly Einstein. In order to prove our the-
orems, we shall start showing that at a point q ∈ ∂M , ∇f is an eigenvector of the Ricci
tensor. More precisely, we have the following result.
Lemma 4. Let (Mn, g, f) be a Miao-Tam critical metric. Then ∇f is an eigenvector to
the Ricci tensor for all q ∈ ∂M .
Proof. In fact, we consider an orthonormal frame {e1, . . . , en} diagonalizing Ric at a point
q ∈ ∂Mn such that ∇f(q) 6= 0, namely, we have that Ric(ei) = αiei, where αi are the
associated eigenvalues.
Since we already know that f |∂M = 0, it follows from Eq. (2.12) that
0 = fCijk∇kf = Tijk∇kf.
Thus, by definition of the tensor Tijk, see Eq. (2.11), we get
Rjk∇kf∇if −Rik∇kf∇jf = 0,
and consequently, computing this last expression at q ∈ ∂M, we deduce
(3.1) (αj − αi)∇if∇jf = 0.
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Hence, if we consider the following nonempty set L = {i;∇if 6= 0}, then from (3.1) we have
αi = α, for all i ∈ L, and therefore
Ric(∇f) = Ric
(∑
i∈L
∇ifei
)
=
∑
i∈L
∇ifαiei = α∇f.
This is what we want to prove. 
In what follows, let q ∈ Mn be an arbitrary point on ∂M and consider an orthonormal
frame {e1, e2, . . . , en} in a neighborhood of q contained in M such that e1 = −
∇f
|∇f | .
In the sequel, we obtain an important expression in order to prove our results. More
precisely, we shall compute the norm of the auxiliary tensor Tijk on ∂M of a Miao-Tam
critical metric.
Lemma 5. Let (Mn, g, f) be a Miao-Tam critical metric. Then, restrict to the boundary
∂M, the following identity holds
|Tijk|
2 =
2(n− 1)2
(n− 2)2
|R˚ic|2|∇f |2 −
2n(n− 1)
(n− 2)2
R˚211|∇f |
2.
Proof. We start the proof by using Eq. (2.11) to arrive at
|Tijk|
2 =
2(n− 1)2
(n− 2)2
|Ric|2|∇f |2 −
2n(n− 1)
(n− 2)2
|Ric(∇f)|2
+
4(n− 1)
(n− 2)2
RRic(∇f,∇f)−
2(n− 1)
(n− 2)2
R2|∇f |2
=
2(n− 1)2
(n− 2)2
|R˚ic|2|∇f |2 −
2n(n− 1)
(n− 2)2
|Ric(∇f)|2
+
4(n− 1)
(n− 2)2
RR˚ic(∇f,∇f) +
2(n− 1)
n(n− 2)2
R2|∇f |2.
Now, from Lemma 4 we have that R1a = 0 for any 2 ≤ a ≤ n, and consequently the above
expression becomes
|Tijk|
2 =
2(n− 1)2
(n− 2)2
|R˚ic|2|∇f |2 −
2n(n− 1)
(n− 2)2
R211|∇f |
2
+
4(n− 1)
(n− 2)2
RR˚11|∇f |
2 +
2(n− 1)
n(n− 2)2
R2|∇f |2
=
2(n− 1)2
(n− 2)2
|R˚ic|2|∇f |2 −
2n(n− 1)
(n− 2)2
R˚211|∇f |
2.
So, the proof is completed. 
Proceeding, we shall verify that the same identity obtained in [19, Lemma 2.2] is also
true for a Miao-Tam critical metric. More precisely, we have:
Lemma 6. Let (M, g, f) be a Miao-tam critical metric. Then, restrict to the boundary ∂M,
we have the following identity
|R˚ic|2 =
n
n− 1
R˚211 +
(
n− 2
n− 1
)2
|W ν |2,
where W νij = Wi1j1.
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Proof. From (2.12) jointly with fact that f |∂M = 0, we obtain
WipjqRpq∇if∇jf = TipqRpq∇if
=
1
2
Tipq(Rpq∇if −Riq∇pf)
= −
n− 2
2(n− 1)
|Tijk|
2,(3.2)
where in the last step we use the definition of the tensor Tijk, see Eq. (2.11).
On the other hand, we notice that
|W ν |2 = Wi1j1Wi1j1
=
1
|∇f |
Wi1j1Ti1j
=
n− 1
(n− 2)|∇f |
Wi1j1(Rij∇1f −R1j∇if),
which by Lemma 4 we can infer
|W ν |2 = −
n− 1
(n− 2)|∇f |2
WipjqRij∇pf∇qf.(3.3)
Hence, comparing (3.2) with (3.3) we get
|Tijk|
2 = 2|∇f |2|W ν |2.(3.4)
So, it suffices to substitute this equality in Lemma 5 to conclude the proof of the lemma. 
Now, through the weakly Einstein condition, we can also show the next lemma.
Lemma 7. Let (Mn, g, f) be a weakly Einstein Miao-Tam critical metric. Then, restrict
to the boundary ∂M, we have the following identity
4R
n(n− 1)
R˚11 =
1
n
|W |2 −
2(n2 − 2n− 2)
n(n− 2)
|R˚ic|2 + 2R˚211.
Proof. First of all, by Lemma 1 and our assumption that Mn satisfies the weakly Einstein
condition, we obtain
0 = WipqrWjpqr∇if∇jf −
|W |2
n
|∇f |2 +
4
n− 2
WipjqR˚pq∇if∇jf
+2
(n− 4)
(n− 2)2
R˚1qR˚q1|∇f |
2 +
4R
n(n− 1)
R˚11|∇f |
2 −
2(n− 4)
n(n− 2)2
|R˚ic|2|∇f |2,
which can be rewritten, using Eq. (2.12) and Lemma 4, as
0 =
1
|∇f |2
|Tijk|
2 −
|W |2
n
+
4
n− 2
W1p1qR˚pq + 2
(n− 4)
(n− 2)2
R˚211
+
4R
n(n− 1)
R˚11 −
2(n− 4)
n(n− 2)2
|R˚ic|2.
Now, by equation (3.2) jointly with Lemma 5, it is easy to verify that the above identity
becomes
4R
n(n− 1)
R˚11 = −
n− 3
(n− 1)|∇f |2
|Tijk|
2 +
|W |2
n
− 2
(n− 4)
(n− 2)2
R˚211 +
2(n− 4)
n(n− 2)2
|R˚ic|2
=
1
n
|W |2 −
2(n2 − 2n− 2)
n(n− 2)
|R˚ic|2 + 2R˚211,
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as desired. 
3.1. Proof of Theorems 2 and 3.
Proof. It is well known that in the three-dimensional case the Weyl tensor vanishes com-
pletely. Hence, when we restrict to this case it is not difficult to see that, substituting
Lemma 6 into Lemma 7, we obtain
(3.5) RR˚11 = |R˚ic|
2.
Furthermore, taking into account that the scalar curvature is nonnegative, it follows from
(3.5) that R˚11 ≥ 0. Then, we are in position to use Lemma 3 to infer that (M
n, g) is
a Einstein manifold, and by Theorem 1, we may conclude that (Mn, g) is isometric to a
geodesic ball in a simply connected space form R3 or S3, which proves Theorem 2.
In what follows we shall consider the indexes a, b, c, d ∈ {2, . . . , n}. Now, we claim that
|W |2 = 4|W ν |2 +WabcdWabcd,(3.6)
on the boundary ∂M. In fact, using (3.2) and (3.4) we obtain
|W |2 = WijklWijkl
= Wijk1Wijk1 +WijkaWijka
=
1
|∇f |2
|Tijk|
2 +WijkaWijka
= 2|W ν |2 +W1jkaW1jka +WdjkaWdjka.(3.7)
In order to proceed, noticing that W1jka =
1
|∇f |Takj we use the symmetries of Weyl tensor
to arrive at
W1jka =
1
|∇f |
{
n− 1
n− 2
Raj∇kf −
R
n− 2
gaj∇kf +
1
n− 2
gajRks∇sf
}
.
Thus, analyzing each possibility in the above expression, it is immediate to check that this
data substituted in (3.7) becomes
|W |2 = 3|W ν |2 +Wa1jdWa1jd +WabjdWabjd
= 4|W ν |2 +Wa1cdWa1cd +Wab1dWab1d +WabcdWabcd,
and since we already known that Wabc1 = 0, clearly we obtain Identity (3.6).
Next, with a straightforward computation using Lemma 6 and Lemma 7 we can deduce
the following identity
4R
n(n− 1)
R˚11 =
1
n
|W |2 −
2(n2 − 2n− 2)
n(n− 2)
|R˚ic|2
+2
(
n− 1
n
|R˚ic|2 −
(n− 2)2
n(n− 1)
|W ν |2
)
=
1
n
|W |2 −
2(n− 2)2
n(n− 1)
|W ν |2 −
2(n− 4)
n(n− 2)
|R˚ic|2,(3.8)
which from Eq. (3.6) allow us to conclude a key inequality in the four-dimensional case, i.e.,
RR˚11 ≥ |W
ν |2.
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So, when scalar curvature is positive, we get R˚11 ≥ 0. Then, the result follows from Lemma 3
combined with Theorem 1.
Now we shall restrict to a 4-dimensional weakly Einstein critical metric with R = 0.With
this consideration in mind, it follows from Lemma 1 and Lemma 2 that
(3.9) WikjlRkl = 0.
Consequently, taking the derivative in the above expression, and using Eq. (2.3), we obtain
0 = ∇iWikjlRkl +Wikjl∇iRkl
= −
1
2
CljkRkl +
1
2
WikjlCikl.(3.10)
Then, computing Identity (3.10) in ∇f , and changing the index for simplicity, we deduce
0 = CijkRjk∇if −Wijkl∇lfCijk
=
1
2
Cijk(Rjk∇if −Rik∇jf)−Wijkl∇lfCijk,
that can be rewritten, using (2.11), as
(3.11)
1
3
CijkTijk +Wijkl∇lfCijk = 0.
In order to proceed, by (3.9) and definition of the auxiliary tensor Tijk we have that
TijkWijkl∇lf =
3
2
Rik∇jfWijkl∇lf = 0,
which combining with (2.12) allow us to conclude two key identities, i.e.,
fCijkTijk = |T |
2,
and
fCijkWijkl∇lf = |ι∇fW |
2,
where ι denotes the interior product (ι∇fW )ijk = Wijkl∇lf. So, returning to equation
(3.11), it is easy to see that Tijk = Wijkl∇lf = 0, and from Lemma 2 we can infer
(3.12) 0 = WipqrWjpqr∇if∇jf =
|W |2
4
|∇f |2.
Now, we choose harmonic coordinates to deduce that the potential function f and the metric
g are analytic, see for example [12, Proposition 2.8] (or [13, Proposition 2.1]). Whence,
equation (3.12) yields that M4 is locally conformally flat, since f can not be constant in a
non-empty open set. Therefore, we can use the Theorem 1.2 of [24] to conclude that (M4, g)
is either isometric to a geodesic ball in a simply connected space form R4, or isometric
to a standard cylinder over a compact without boundary manifold (N, gN ) with constant
sectional curvature κ0 > 0 with the product metric(
I ×N, dt2 +
κ20t
2 + a
κ0
gN
)
,
where I is a finite interval in R containing the origin 0 and for some constant a > 0, or
(M4, g) is covered by the such warped product with a covering group Z2. So, the proof is
completed.
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3.2. Proof of Theorem 4. Since we are assuming W |T∂M = 0, it suffices to substitute
(3.6) in (3.8), to deduce
2R
n− 1
R˚11 = −
n2 − 6n+ 6
n− 1
|W ν |2 −
n− 4
n− 2
|R˚ic|2.
Thus, as the Riemannian manifold Mn has non-positive scalar curvature, and n ≥ 5, it is
immediate to verify that the above expression gives R˚11 ≥ 0. Therefore, we are in position
to invoke Lemma 3 to deduce that (Mn, g) is an Einstein manifold, and, once more by The-
orem 1, we may conclude that (Mn, g) is isometric to a geodesic ball in a simply connected
space form Rn or Hn. 
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